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Abstract

We introduce a hybrid stochastic estimator to design stochastic gradient algorithms for
solving stochastic optimization problems. Such a hybrid estimator is a convex combination
of two existing biased and unbiased estimators and leads to some useful property on its
variance. We limit our consideration to a hybrid SARAH-SGD for nonconvex expectation
problems. However, our idea can be extended to handle a broader class of estimators in
both convex and nonconvex settings. We propose a new single-loop stochastic gradient
descent algorithm that can achieve O (max {0'36_1, 06_3})—Complexity bound to obtain an
e-stationary point under smoothness and o?-bounded variance assumptions. This complexity
is better than O (0’2874) often obtained in state-of-the-art SGDs when o < O (873). We
also consider different extensions of our method, including constant and adaptive step-size
with single-loop, double-loop, and mini-batch variants. We compare our algorithms with
existing methods on several datasets using two nonconvex models.

1 Introduction
Consider the following stochastic nonconvex optimization problem of the form:

min { f(z) i= Be [f(z:€)] }, (1)
TERP

where f(+;-) : RP x  — R is a stochastic function defined such that for each € RP| f(x;-) is a
random variable in a given probability space (2,P), while for each realization £ € Q, f(+;¢) is
smooth on R?; and E¢ [f(z;&)] is the expectation of f(z;§) w.r.t. £ over Q.

Our goals and assumptions: Since is nonconvex, our goal in this paper is to develop a
new class of stochastic gradient algorithms to find an e-approximate stationary point Zr of
such that E [||V f(Z7)[?] < €2 under mild assumptions as stated in Assumption

Assumption 1.1. The objective function f of satisfies the following conditions:

(a) (Boundedness from below) There exists a finite lower bound f* := inf,crr f(z) > —o0.

(b) (L-average smoothness) The function f(-;§) is L-average smooth on RP, i.e. there exists
L € (0,+00) such that

Be [IV/(:6) = VA O] < L2lw—yl?, Yo,y e RP. 2)



(¢) (Bounded variance) There exists o € (0,00) such that
Ee [IVf(2:6) = V(2)|*] <o VaeRP. (3)

These assumptions are very standard in stochastic optimization methods [9, [13]. The

L-average smoothness of f is weaker than the smoothness of f for each realization £ € Q.
Note that our methods described in the sequel are also applicable to the finite-sum problem
min,, { flx) = % Dy fz(:r)} as long as the above assumptions hold. However, we do not specify
our methods to solve this problem. In this case, ¢ in can be replaced by other alternatives,
e.g. 02 == 1Y [IVfi@)2 - IVF(2)]2].
Our key idea: Different from existing methods, we introduce a convex combination of a biased
and unbiased estimator of the gradient Vf of f, which we call a hybrid stochastic gradient
estimator. While the biased estimator exploited in this paper is SARAH in [I5], the unbiased
one can be any unbiased estimator. SARAH is a recursive biased and variance reduced estimator
for Vf. Combining it with an unbiased estimator allows us to reduce the bias and variance of
the hybrid estimator. In this paper, we only focus on the standard stochastic estimator as an
unbiased candidate.

Related work: Under Assumption problem covers a large number of applications in
machine learning and data sciences. The stochastic gradient descent (SGD) method was first
studied in [24], and becomes extremely popular in recent years. [13] seems to be the first work
showing the convergence rates of robust SGD variants in the convex setting, while [I4] provides
an intensive complexity analysis for many optimization algorithms, including stochastic methods.
Variance reduction methods have also been widely studied, see, e.g. [1L 5] [7, 10} 19, 211 251 26], 28].
In the nonconvex setting, [9] seems to be the first algorithm achieving O (025*4)—comp1exity
bound. Other researchers have also made significant progress in this direction, including [2, [3, 14}
8, [12] 16} 17, 18], 22} 27, [30]. A majority of these works, including [2] Bl 4, 12| 22], rely on SVRG
estimator in order to obtain better complexity bounds. Hitherto, the complexity of SVRG-based
methods remains worse than the best-known results, which is obtained in [8, 20}, 27] via the
SARAH estimator. However, as discussed in [20} 27], the method called SPIDER in [8] [12] does
not practically perform well due to small step-size and its dependence on the reciprocal of the
estimator’s norm. [27] amends this issue by using a large constant step-size, but requires large
mini-batch and does not consider the single sample case and single loop variants. [20] provides a
more general framework to treat composite problems where it covers as special case, but it
does not consider the single loop as in SGDs.

Our contribution: To this end, our contribution can be summarized as follows:

(a) We propose a hybrid stochastic estimator for a stochastic gradient of a nonconvex function f
in (1)) by combining the SARAH estimator from [I5] and any unbiased stochastic estimator
such as SGD and SVRG. However, we only focus on the SGD estimator in this paper.
We prove some key properties of this hybrid estimator that can be used to design new
algorithms.

(b) We exploit our hybrid estimator to develop a single-loop SGD algorithm that can achieve
an e-stationary point Z,, such that E [[|[Vf(Zn)[|?] < € in at most O (oe™% + 037 !)
stochastic gradient evaluations. This complexity significantly improves O (025_4) of SGD
if o < O (6_3). We extend our algorithm to a double loop variant, which requires
O (max {oe™3,0%c72}) stochastic gradient evaluations. This is the best-known complexity

in the literature for stochastic gradient-type methods for solving .

(c) We also investigate other variants of our method, including adaptive step-sizes, and mini-
batches. In all these cases, our methods achieve the best-known complexity bounds.

Let us emphasize the following points of our contribution. Firstly, although our single-loop

method requires three gradients per iteration compared to standard SGDs, it can achieves better

complexity bound. Secondly, it can be cast into a variance reduction method where it starts

from a “good” approximation vy of Vf(2°), and aggressively reduces the variance. Thirdly, our



step-size is n = O (m‘l/?’) which is larger than n = O (m_1/2) in SGDs. Fourthly, the step-size
of the adaptive variant is increasing instead of diminishing as in SGDs. Finally, our method
achieves the same best-known complexity as in variance reduction methods studied in [8], 20] 27].
We believe that our approach can be extended to other estimators such as SVRG [10] and SAGA
[7], and can be used for Hessians to develop second-order methods as well as to solve convex and
composite problems.

Paper organization: The rest of this paper is organized as follows. Section [ 2] introduces our
new hybrid stochastic estimator for the gradient of f and investigates its properties. Section |
proposes a single-loop hybrid SGD-SARAH algorithm and its complexity analysis. It also
considers a double-loop and mini-batch variants with rigorous complexity analysis. Section [4]
provides two numerical examples to illustrate our methods and compares them with state-of-
the-art methods. All the proofs and additional experiments can be found in the Supplementary
Document.

Notation: We work with Euclidean spaces, R?, equipped with standard inner product (-, -)
and norm |-||. For a smooth function f (i.e., f is continuously differentiable), V f denotes its
gradient. We use Up(S) to denote a distribution on S with probability p. If p is uniform, then
we simply use U(S). We also use O (+) to present big-O notion in complexity theory, and o(-) to
denote a o-field.

2 Hybrid stochastic gradient estimators
In this section, we propose new stochastic estimators for the gradient of a smooth function f.
Let u; be an unbiased estimator of V f () formed by a realization (; of &, i.e. E¢, [u] = V f(x¢).
We attempt to develop the following stochastic estimator for V f(z;) in :

v = Pro1v—1 + Bt (Vf(@:6) = VI (wi-13&)) + (1 = Be—1)us, (4)

where & and (; are two independent realizations of £ on 2. Clearly, if g; = 0, then we obtain a

simple unbiased stochastic estimator, and 3; = 1, we obtain the SARAH estimator in [I5]. We

are interested in the case 8; € (0, 1), in which we call v; in a hybrid stochastic estimator.
Note that we can rewrite v; as

v = B V(@ &) + (1= Bemi)ug + Be1(ve—1 — V(ze—1;&)).

The first two terms are two stochastic gradients estimated at x;, while the third term is the
difference v;—1 — V f(x¢—_1; &) of the previous estimator and a stochastic gradient at the previous
iterate. Here, since 8;—1 € (0,1), the main idea is to exploit more recent information than the
old ones. In fact, the hybrid estimator v; covers many other estimators, including SGD, SVRG,
and SARAH. We can use one of the following two concrete unbiased estimators u; of Vf(z;) as
follows:

e The SGD estimator: u; := w5 = Vf(z4;¢).

e The SVRG estimator: u; :=u; '® = Vf(Z) + Vf(x; () — Vf(; (), where Vf(Z) is a

full gradient evaluated at a given snapshot point Z.

However, for the sake of presentation, we only focus on the SGD estimator u; := u$59.

We first prove the following property of the estimator v; showing how the variance is estimated.

Lemma 2.1. Let v; be defined by . Then

Ee, ) [ve] = V() + Bio1(ve—1 = V f(24-1)). (5)
If 8,1 # 0, then v; is a biased estimator. Moreover, we have
B, [lve = V)Pl = Biillvier = V(e )? = BV (@i-1) = VI ()]?

+ 871 Ee, [||Vf($t;§t) - Vf(%—hft)“ﬂ (6)
+ (1= Bi-1)?Eg, [llue — Vf(2o)]?] -



Remark 2.1. From , we can see that v; remains a biased estimator as long as 8;—1 € (0, 1].
Its biased term is

Bias(vt) = [[Ee, ¢,y e = V(@) | ]| = Be-rllve-1 = Vf(@e-1)|| < [Joe-1 — V(@i

This shows that the bias v; estimator is smaller than the one in the SARAH estimator v¥ah =
viatah 7 f (245 &) — V(2413 &) from [I5], which is Bias(vaah) = |02k — ¥ f(2,_1)].

The following lemma bounds the second moment of vy — V f(z;) with v; defined in .

Lemma 2.2. Assume that f(-,-) is L-smooth and u; is an SGD estimator. Then, we have the
following upper bound on the variance E [||v; — V f(24)[[?] of v;:

t—1
E [[lve = V£ (@) ?] < il [lug = VF(@)P] + L2 Y wiiE [[lwigs — 2] + S, (7)

i=0
where the expectation is taking over all the randomness Fy := o(vg, V1, ,Vt), Wy := Hle BZ .,

Wi = szm B2y fori=0,--- .t and Sy = S (szm B2 1) (1= ;)02 fort>0.

Lemmas and provides two key properties to develop stochastic algorithm in Section |
Bl

3 Hybrid SARAH-SGD algorithms

In this section, we utilize our hybrid stochastic estimator v; in to develop stochastic gradient
methods for solving . We consider three different variants using the hybrid SARAH-SGD
estimator.

3.1 The generic algorithm framework
Using v; defined by , we can develop a new algorithm for solving as in Algorithm

Algorithm 1 (Hybrid stochastic gradient descent (Hybrid-SGD) algorithm)

. Initialization: An initial point 2° and parameters b, 3;, and 7; (will be specified).

—_

2: Generate an unbiased estimator vy := } >éen V(o &) at ¢ using a mini-batch B.
3: Update x1 := 29 — n9vo.

4: For t:=1,--- ,m do

5: Generate a proper sample pair (&, (;) independently (single sample or mini-batch).
6:  Evaluate vy := Bi_1vi1 + Bi—1 (Vf(21: &) — VF(w—1:&)) + (1= Be1) V(45 C).
7: Update x4 := ¢ — nvy.

8: EndFor

9: Choose Z,, from {zg,21, - ,Zm} (at random or deterministic, specified later).

Algorithm [I|looks essentially the same as any SGD scheme with only one loop. The differences
are at Step [3| with a mini-batch estimator vy and at Step [6] where we use our hybrid gradient
estimator v;. In addition, we will show in the sequel that it uses different step-sizes and leads
to different variants. Unlike the inner loop of SARAH or SVRG, each iteration of Algorithm [I]
requires three individual gradient evaluations instead of two as in these methods. The snapshot
at Step [3| of Algorithm [I| relies on a mini-batch B of the size b, which is independent of (&, ¢;) in
the loop t.

3.2 Convergence analysis

We analyze two cases: constant step-size and adaptive step-size. In both cases, (; is fixed for all
t.



3.2.a Convergence of Algorithm [1] with constant step-size 1 and constant (8
Assume that we run Algorithm [I] within m _iterations m > 1. In this case, given 0 < ¢; <
\/b(m + 1), we choose 1 and S in Algorithm [1| as follows:
2 . C1 9 52(1 — ﬁQm)
= with =1————— and o, :=—F5——. (8
! L(y/1+4a2, +1) B b(m +1) 1-p2 ®)

The following theorem estimates the complexity of Algorithm [I]to approximate an e-stationary
point of , whose proof is given in Subsection of the supplementary document.

Theorem 3.1. Let {x:} be the sequence generated by Algom'thm using the step-size n defined
by (8). Let us choose Z,, ~ U({m}12y). Then

2\/(/’1

3L [b(m+1)

3b1/4L [f(l’o) _ f*}
Jer(m+ DT (

(a) The step-size ) satisfies 1 > 1 := ]1/4. In addition, we have

E[IVf(@n)?] < (9)

C+1>02
VAN CES)

(b) If we choose b := coc®/3(m + 1)Y/3 for any cy > 0, then to guarantee E IV f(@m)]?] < €%,
we need to choose

1/4

- Hf £ = 1]+ (e + ) ;J’“J —0(%). (10)

In particular, if we choose c; = 1, then the number of oracle calls is Ty is

Too o= (30 1) 5] 2% 4 22 [are [re) - ] + 2

Ve
3
:o("+"3>.
9 9

Moreover, the step-size n satisfies n > 1 := T 2/§( revevii O (m_1/3).
- [ m

3/2
| (11)

Here, T4e stands for the number of stochastic gradient evaluations of f in . The complexity
Tge in can be written as T4 = O (max {06_3,036_1}). Ifo<O (é), then our complexity
is Tge = O (05_3). Even if 0 < O (E%), then our complexity is still better than O (0'26_4) in
SGD.

3.2.b Convergence of Algorithm [1] with adaptive step-size 1; and constant

Let 8:=1-— ﬁ € (0,1) be fixed for some 0 < ¢; < \/b(m + 1). Instead of fixing step-size

7 as in , we can update it adaptively as

1
L+ L2[B?ner1 + Bl + - - + B2 =0y, |

1
o= 7. and g = fort =0, ,m—1. (12)

It can be shown that 0 < 79 < n1 < --- < . Interestingly, our step-size is updated in an
increasing manner instead of diminishing as in existing SGD-type methods. Moreover, given
m, we can pre-compute the sequence of these step-sizes {n,};" ; in advance within O (m) basic
operations. Therefore, it does not significantly incur the computational cost of our method.

The following theorem states the convergence of Algorithm |1 under the adaptive update ,
whose proof is given in Subsection [2.3] of the supplementary document.

Theorem 3.2. Let {x;} be the sequence generated by Algorithm using the step-size n; defined
by [12). Let 3y := 2" e, and Ty ~ Up({a4}70) with py =P (T = ;) = #=. Then

Var(m+1)3/4

(a) The sum %, is bounded from below as X, > Y0774



(b) If we choose b := co0®/3(m + 1)1/ for any ¢ > 0, then to guarantee E [||V f(Z,,)[|%] < €2,

3Lel/4 3/2
we need to choose m := L%[ \/cll [f(a:o) — f*} + (01 + é) \/1?2} J =0 (g%) Therefore,

the number of stochastic gradient evaluations Ty is at most the same as in (L1)).

Note that in the finite sum case, i.e. |2] = n, we set b := min{n, 0208/3(m —|— 1)/3} in both
Theorems [3.1] and [3.2] This complexity remains the same as in Theorem However, the
adaptive stepsme 1; potentially gives a better performance in practice as we wﬂl see in Section [4]

Algorithm [I] can be considered as a single-loop variance reduction method, which is similar
to SAGA [7], but Algorithm [[] aims at solving the nonconvex problem (). It is different from
standard SGD methods, where it can be initialized by a mini-batch and then update the estimator
using three individual gradients. Therefore, it has the same cost as SGD with mini-batch of size
3. As a compensation, we obtain an improvement on the complexity bound as in Theorems

and

3.3 Convergence analysis of the double loop variant
Since the step-size 7; depends on m, it is natural to run Algorithm [I] with multiple stages. This
leads to a double-loop algorithm as SVRG, SARAH, and SPIDER, where Algorithm [1]is restarted
at each outer iteration s. The detail of this variant is described in Algorithm [2]

Algorithm 2 (Double-loop HSGD algorithm)

1: Initialization: An initial point 2° and parameters b, m, (;, and n; (will be specified).
2: OuterLoop: For s:=1,2,---,5 do

3: Run AlgomthmIWlth an initial point x(() e C
4

5

Set (%) .= xﬁnll as the last iterate of Algorlthm
: EndFor

To analyze Algorithm |2| we use xis) to represent the iterate of Algorithm [1| at the ¢-th inner

iteration within each stage s. From , we can see that each stage s, the following estimate
holds . ,

n ()12 (s) (s) notvm+1

n E{sz }gE[fz }fE[fzm }+7.

2; IV f () (zg7) (@m51) 15V

Here, we assume that we fix the step-size n; = 1 > 0 for simplicity of analysis. The complexity of
Algorithm [2]is given in the following theorem, whose proof is in Supplementary Document [2:4]

Theorem 3.3. Lel {mgs)}f =325 be the sequence generated by Algomthm@ using constant
step-size 1 in . Then, the following estimate holds

S m
(o)) 3LbY/4 ~ . 202
m+1 ;;E“vf M m[f(xo)_f]+m- (13)

Let Tp ~ U({xts) §=3=25). If we choose b := ac® gndm + 1 := 2%
and cg > 0 and cico > 4, then, to guarantee E [HVf(%T)HQ] < 2, we require at most

3Le,'[£(3°) - f*]
S =
\‘02/40 (1 -

J outer iterations. (14)

2 S
4/ C1C2

Consequently, the total number of stochastic gradient evaluations Tye does not exceed

Tge == (b+3m)S =

3L(c1 + 302)01/4 [f@°) - f*]o _ 0 ( )
23

03/4 (1 - —m) g3



Note that the complexity only holds if O (g%) Cl” . Otherwise, the total complexity is

O (max {g%, g—j}), where other constants independent of o and ¢, and are hidden. Practically,

if 8 is very close to 1, one can remove the unbiased SGD term to save one stochastic gradient
evaluation. In this case, our estimator reduces to SARAH but using different step-size. We
observed empirically that when 8 = 0.999, the performance of our methods is not affected if we
do so.

3.4 Extensions to mini-batch cases
We consider a mini-batch hybrid stochastic estimator ¢, for the gradient V f(z;) defined as:

ﬂtl

t

Uy 1= Br_10p—1 +

Z(Vf(xt; §i) = Vf(@1-1;&)) + (1 = Beo1)u, (16)

iEBt

where 8,1 € [0,1], and B; is a mini-batch of the size b, and independent of the unbiased
estimator u;. Note that u; can also be a mini-batch unbiased estimator. For example ug 1=
L Z]EB, V f(x+;¢;) is a mini-batch SGD estimator with a mini-batch B; of size bt, where B, is

mdependent of B,.

Using 9; defined by , we can design a mini-batch variant of Algorithms [1| to solve ().
The following corollary is obtained as a result of Theorems for the mini-batch variant of
Algorithm [T} whose proof is in Subsection [3.2] of the supplementary document.

Corollary 3.1. Let Algom'thm be applied to solve using mini-batch update for vy with
by =b; =b>1 fized, 0 < c; < \/b(m+ 1), and the step-size

n:i= 2 with a2 = 62(1 _ 527”)

L(1+y/T+4paz,)

If we choose b := c208/3 [p(m + 1)}1/3 Jor any ¢z > 0, then to guarantee E ||V f(Zm)|]?] < €%, we

need to choose
3/2
3Lch/* N 1\ 1 124
2er (f(wo)—f)+(c1+ )%ﬁ] =c’)(p ) (18)

a1
=" and fi=1— ———.
" 1-p2 g pb(m — 1)

o2
e3

Therefore, the number of oracle calls is Tge 15

1/2 3
o plco o
where p = p(b) := (n 1)b if n = |Q)| is finite, and p(b) := T, otherwise. In particular, if we choose
b= EC‘{ for some 0 < cg < €0, then, the overall complexity Tge is Tge := O ((63 + i) g—j)
3

We can also develop a mini-batch variant of Algorithm [2] and estimate its complexity as in
Theorem [3.3] For more details, we refer to Subsection [3.3]in the supplementary document due
to space limit.

4 Numerical experiments
We verify our algorithms on two numerical examples and compare them with several existing
methods: SVRG [23], SVRG+ [11], SPIDER [g], SpiderBoost [27], and SGD [9]. Due to space
limit, the detailed configuration of our experiments as well as more numerical experiments can
be found in Supplementary Document [D] Our numerical experiments are implemented in Python
and running on a MacBook Pro. Laptop with 2.7GHz Intel Core i5 and 16Gb memory.



4.1 Logistic regression with nonconvex regularizer
Our first example is the following well-known problem used in may papers including [27]:

R o
i = = log(1 ] 2
;Iég;{ - ; /() = 1og(1 + exp(~ Z:: e } (20)
where a; € RP are given for ¢ = 1,--- ;n, and A > 0 is a regularization parameter. Clearly,

problem fits well with Ly, = ”A” + 2. In this experiment, we choose A = 0.1 and

normalize the data. One can also verify Assurnptlon [T:1] due to the bounded Hessian of f;.
We use three datasets from LibSVM for (20)): w8a (n = 49,749,p = 300), rcvl.binary
(n = 20,242,p = 47,236), and real-sim (n = 72,309,p = 20,958). We run 8 different
algorithms as follows. Algorithm (1| with constant step-size (Hybrid SGD SL) and adaptive
step-size (Hybrid-SGD-ASL) using our theoretical step-sizes and (12)), respectively without
tuning. Hybrid-SGD-DL is Algorlthml GDl is SGD Wlth constant step size ny = Otl, and
SGD2 is SGD with adaptive step-size n; = m Since the stepsize of SPIDER depends on

an accuracy €, we choose € = 10! to get a larger step-size. Our first result in the single-sample
case (i.e. when b = 1, not using mini-batch) is plotted in Fig. [l] after 20 epochs.

Training Loss: w8a Training Loss: rcv1_train.binary Training Loss: real-sim

=)
°

S
£

Training Loss: F(ir)
Training Loss: F(ir)
Training Loss: F(ir)

0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Number of effective passes Number of effective passes Number of effective passes
HybridSGD-SL = = =HybridSGD-ASL HybridSGD-DL SGD1 SGD2 wweens SPIDER = = =SVRG SVRG+
Norm of Gradient: w8a Norm of Gradient: rcv1_train.binary Norm of Gradient: real-sim
— J—= e,
= 5 T
3 S .
& 5100 s
B 210
10 N
<} <}
310" k]
2102
§ g10
B Z
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Number of effective passes Number of effective passes Number of effective passes
‘ HybridSGD-SL = = =HybridSGD-ASL ——— HybridSGD-DL SGD1 SGD2 e SPIDER = = =SVRG SVRG+‘

Figure 1: The training loss and gradient norms of (20): Single sample case b = 1.

From Fig. [1] we observe that Hybrid-SGD-SL has similar convergence behavior as SGD1, but
Hybrid-SGD-ASL works better. Hybrid-SGD-DL is the best but has some oscillation. SGD2
works better than SGD1 and is comparable with Hybrid-SGD-SL/ASL in the two last datasets.
SVRG performs very poorly due to its small step-size. SVRG+ works much better than SVRG,
and is comparable with our methods. SPIDER is also slow even when we have increased its
step-size.

Now, we run 3 single-loop algorithms with mini-batch of the size b := 300. The result is
shown in Fig. [ after 20 epochs. Fig. [2] shows similar performance between Hybrid-SGD-SL and
ASL and SGD2. Clearly, these theoretical variants of Algorithm [I] are slightly better than the
adaptive SGD variant (SGD2), where a careful step-size is used.

4.2 Binary classification involving nonconvex loss and Tikhonov’s reg-

ularizer
We consider the following binary classification problem studied in [29] involving nonconvex loss:



Training Loss: w8a Training Loss: rcv1_train.binary Training Loss: real-sim
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Figure 2: The training loss and gradient norms of : Mini-batch case b > 1.

1< A
* = 1 = — e T 7b' — 2}’ 21
f* = min {f(l") - ;:1 (a; z,bi) + S lz] (21)
where a; € RP and b; € {—1, 1} are given datafori = 1,--- ,n, A > 01is a regularization parameter,

2
and ¢ is a nonconvex loss of the forms: ¢(7,s) = (1 - m) (using in two-layer neural

networks). One can check that satisfies Assumption with L &~ 0.15405 max; ||a;||* + A.
We choose A := 0.01, and test three variants of Algorithm [2} Hybrid-SGD-DL and compare them
with SpiderBoost, SVRG, and SVRG+. Due to space limit, we only plot one experiment in Fig.
after 20 epochs. Additional experiments can be found in Supplementary Document

As we can see from Fig. [3] that Algorithm [2] performs well and is slightly better than
SpiderBoost. Note that SpiderBoost simply uses SARAH estimator with constant stepsize n = ﬁ
but with mini-batch of the size |y/n]. It is not surprise that SpiderBoost makes very good
progress to decrease the gradient norms. Both SVRG and SVRG+ perform much worse than
Hybrid-SGD-DL and SpiderBoost in this test, but SVRG+ is slightly better than SVRG. In our
methods, due to the aid of SARAH part, they also make similar progress as SpiderBoost but
using different step-sizes.

5 Conclusion

We have introduced a new hybrid SARAH-SGD estimator for the objective gradient of expectation
optimization problems. Under standard assumptions, we have shown that this estimator has
a better variance reduction property than SARAH. By exploiting such an estimator, we have
developed a new Hybrid-SGD algorithm, Algorithm [I} that has better complexity bounds than
state-of-the-art SGDs. Our algorithm works with both constant and adaptive step-sizes. We
have also studied its double-loop and mini-batch variants. We believe that our approach can be
extended to other choices of unbiased estimators, Hessian estimators for second-order stochastic
methods, and adaptive (.

A Appendix: Properties of the hybrid stochastic estimator
This supplementary document provides the full proof of all the results in the main text. First,
we need the following lemma in the sequel.
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Figure 3: The training loss and gradient norms of : Mini-batch case b > 1.

Lemma A.1. Given L >0 and w € (0,1). Let {m:}{, be the sequence updated by
1

m = —, and = , 22
! L "I + L2 [wnerr + w2 + - MmO, ] 22
fort=20,--- ' m—1. Then
1 “ (m+1)VI—w
O<770<771<---<17m:z7 and Em::;mET. (23)

Proof. First, from it is obvious to show that 0 <ny < --- <M1 = ﬁ < N = % At

the same time, since w € (0,1), we have 1 > w > w? > --- > w™. By Chebyshev’s sum inequality,
we have

(m —t)(Wner + W nepa + -+ W™ ) (Z;‘n:tﬂ mi) (W+w?+--- +wmt)

m (24)
<5 ( Zj:t—H ’71')'
From the update , we also have
L?no(wm +w’nz + - +w™ym)  =1—Lig
LPm(wng +w?nz + -+ +w™ ') =1—Lip
.. . (25)
L277m71W77m =1- anfl
0 =1—Lny,.

Using into , we get
wL?

2
CLopo(mo + 11+ -+ D) > m —mLng + ¥L-nd
2 2
oo +m+ -+ D) > (m—1) = (m—1)Lny + <= (mno + n})

2 2
el o+ m 4+ 0m) = 1= Loy + 2 (amo + - + 02 _1)
2 2
%Um(ﬁo+ﬁ1+"'+nm) Zlanm“i’%(nmnO‘i’""i’n?n)'

10



Let ¥, := > o me and S,y i= >0 n?. Summing up both sides of the above inequalities, we get

wL? m? +m + 2 wL?
o> "L -1 co At P m) + ————(Sm + 22).
T (mato -+ (m = Dy -+ et o 1) + 55— (S + 2
Using again Chebyshev’s sum inequality, we have
m?+m+2 [ & (m? +m+2)%,,
mno+(m—1)m~+-+0m1+0m < ——— = .
1o + (m — 1)m U 2 1 D) ;m B 1)

Note that (m + 1)S,, > %2, by Cauchy-Schwarz’s inequality, which shows that S, + ¥2, >
(z—ﬁ)Efn Combining three last inequalities, we obtain the following quadratic inequation in ¥,
mwL?
(I-w)

Solving this inequation with respect to ¥, > 0, we obtain

Y2 4+ L(m? +m+2)E, — (m+1)(m* +m+2) > 0.

S (1_w) [\/(m2+7n+2)2+47n(7n+1)1(1nj+7n+2)w _(m2+m+2)}

Zm 2wmL
_ 2(m+1)
B e e
2(m+1)v/1—-w . m(m+1)
Z Viotvitss] S mrrmia <1
2(m+1)vVI—w . —
27L(2+\/§) since v/1+ 3w+ 1 —w <2+ +13w.
Since w € (0,1), we can overestimate this as ¥,,, > % V179 which proves [23). O

1.1 The proof of Lemma Properties of the hybrid SARAH esti-

mator
By taking the expectation of both sides in and using the fact that & and (; are independent,
we can easily obtain .
To prove @, we first write

v = Vf(wy) = Bi—1(vic1 — Vf(wi1)) + Bio1(Vf(245:&) — Vf(2i-15&))
+ (1= Be—1) [ue — V(@) + Be—1 [V f(w1-1) — V()]
In this case, we have
Jor = Vf(@)II? =B 1llvi—1 = Vi (we-)|I? + B IV f (245 &) = VF(2-156) |12
+ (1= Be1)?llue = V(@) P + B7 [V F(we—1) = Vf(a0)|?
+ 267 (vee1 = V(@) " (V(26:&) = VI (@i-1;&)
+ 267 1 (Vi1 — V(@-1)) (Vf(@e-1) = Vf(24))
+ 2611 (1 = Be—1) (V-1 — Vf@e-1)) " (ue — Vf(24))
+ 28011 = Be=1) (Vi (26:€) = VI (we-1;&)) T (we — V(1))
+ 260 (Vf(2e: &) = V(2i-156)) T (Vf(i-1) = Vf(20))
+ 28 1(1 = Bi1)(ur = V() T (Vf(wi-1) = V().
Let us first take expectation w.r.t. & conditioned on (; to obtain
Ee, [loe =V @@)l* | &) = B7allve1 = Vf(ze-1)|? + B71EBe, [IVf(6:&) — VF(xe-1560) 17 1 &
+ (1= Be—1)?lue = V(@) P = B[V f(we—1) = Vf(zo)?
+ 2Bi1(1 — B—1)(vi—1 — Vf(x1-1)) T (ur — V f(24))
+ 2811 = Bi—1)(Vf () = Vf(@i—1)) T (ue — V f(a))
+ 2611 (1 = B—1) (g — Vf () T (Vf (w4-1) — Vf(21)).

11



Now, taking the expectation over ¢, and noting that E¢, ¢,y [-] = E¢, [Ee, [ | ¢]] and E¢, [u; — V f(24)] =
0, we get
Eg,c) (Ilve = VF@)lP] = B2 allver = V(@) |? + B Ee, [IVF(243&) — Vf(2e-1:6)|1]
+ (L= Bi1)’Ee, [llue = Vi (@)lI”] = B4 IV F(@e1) = V(@)1

which is exactly @ O
1.2 The proof of Lemma Bound on the variance of the hybrid
estimator

We first upper bound () by using o7 := E¢, [|lu¢ — V f(¢)||?] and then taking the full expectation
over F; := o(vg, V1, , V) as
E [[loe = V()] < BZAE [lve-r = V(@) IP] + BB [V f(26:6) = Vi (@e-15€0)|17]
+ (1 - Bt_l)QUtz

2 _ 2 2 g2 _ 2 _ 2 2
< BEAE [[loe—1 = V(- )I?] + B2 LPE [lze — 21 |?] + (1 = Bi-1)%07.

If we define a? := E [||v; — Vf(2)[[%], then the above inequality can lead to

02 < B aP, + B L7 [y — ma 2] + (1 - Bi1)%o?.
Denote b7_; := E [||z; — 4_1]|?]. Then, we have from the last inequality that

af < Bfyai_y + L2B7 by + (1= Bior)’o}.
By induction, this inequality implies
aj < BPgaiy + LPBEbiy + (1= Bi1)’0}
By [53—2‘%2—2 + L?B7 507 5+ (1 - ﬂt—2)2‘72] + L2372 107 1 + (1= Bi1)07
B 1BE a7 o+ LPBE (87 ob7 o+ LPBE (b7 1 + [(1 — Bi-1)?0f + B4 (1 - ﬂt—Z)QU?—l}
< BPaBi o Bl sai s + LB 37 5+ (1= Bi3)07_5)
+ LPB7 1 B b o + LPB7 b7y + [(1 = Be-1)?07 + P71 (1 — Bi—2)07_ 1]
= Bi B 2B sai_s+ L8] 1B oBf 3bi_5 + L2B7 1 57 ob7 5
+ LPB7 107 4 + [(1 — Bio1)?0f + 871 (1 = Bi_2)?0f 1 + 87167 (1 — Bt—3)20t2—2]
< (Biy--B8)ag + L2(B7y -+ BR)0G + L2(B_q -+ BV + -+ + L2B71 b7,
+ [(1=Be-1)?07 + 71 (1 = Be2)?07_y + B7_1 87 o (1 = Br—3)®0f_p + -+
+ B7 1B o Bi(1— Bo)?ot].

. t . . .
Here, we use a convention that Hi:t+1 % = 1. As a result, it can be rewritten in a compact
form as

IN

t t—1 t t—1 t
af < ([[o20)ad+L2> (I1 #20)+> (11 #0)a-s0%2.  (26)
i=1 i=0 j=i+l i=0 j=i+2

t t t—1 t—1 [t
Define w; := Hi:l 31'2—17 Wit = Hj:iJrl 632'—1’ and S = Zi:O Si = Zi:O (Hj:i+2 5?—1)(1 -
Bi)?0?, with s; := (1 — Bi)2‘712+1(H§-:i+2 B3 1). Then, we can rewrite as
t—1

af < wta% + L2 Zwi,tb? + S,
i=0

which is exactly . O
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B Appendix: Convergence analysis of Algorithm (1| and Al-
gorithm

We provide the full convergence analysis for Algorithm [I] and Algorithm [2]in the single-sample
case.

2.1 The proof of Lemma [B.1I} One-iteration analysis

The following lemma provides a key estimate for convergence analysis of Algorithm

Lemma B.1. Let {x;} be the sequence generated by Algorithm . Then, under Assumption
we have the following estimate:

Elf(xm1)] <E[f(z §Zmﬂ‘3 IV.f ()]

s é(gw o= w11+ 5 (3o msi) + 5

(27)

where
m

= LQZmeZ 7B [[lvill*] = Y (me — Lo )E [Jlve]?] | (28)

t=0
and wy, wiy, and Sy are defined in Lemma @

Proof. First, from the L-smoothness of f, we have
2
F@en) < fm) — eV F@e), o) + 22 |ve)?
t 't L t2 t
= flae) = BNV @)lI® = (5 = 55) lvel® + Hllve = V()|
Taking the expectation over the randomness (&, (;) of this estimate, we obtain

Eee, ¢ [f(@es1)] < fle) = BB, ) [IVF@)?] = % (1 — L) Ee, ) [l0ell°]
+ %E(ét»@) [”vt - Vf(xt)”ﬂ .

Taking the full expectation over the entire history up to the ¢-th iteration, and then using

and noting that x; — ;1 = —1:_1v;—1, we obtain
E[f(zi+1)] <E[f(z)] = FE[IVF(@)|]P] = % (1 - Lne) a7 + %af
SE[f(z)] = BE[|VF(ze)|?] = % (1~ Lne)a? (29)

+ wiad + L2 Y2 wi +St}7

where ¢? .= E [||vt|\2} and a? ;= E [||vt — Vf(:tt)Hﬂ. Here, we use b?_, := E [||xt - xt,lﬂz} =
n?_,E [||vt,1||2] =n?_,¢?_; in the last inequality.
Summing up from ¢ = 0 to t = m, we obtain

E[f(@mi1)] <E[f(20)] = X% BE[IVF(@)?] = X0 5 (1 - L) g

30)
m L2 m -1 (
+ 5 Cowm) ag + 5 Ot meSe) + 5 o m Sico wiia?.
Let us define T;,, as in , ie.:

m t—1 m

=L* ne Y wimiaq; — Y _me(1— L) g;

t=1 =0 t=0

Then, we obtain from the estimate (27). O
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2.2 The proof of Theorem [ 3.1} Single-loop with constant step-size
We analyze the case ﬁt B € (0,1) fixed and the step-size n; =1 > 0 fixed. From Lemma[2.2]
we have w; = 82, w;, = A2(=9  and

st = Yico (Ilj=ipe B3-1) (1 = Bi)?
_ (1_IB)2[1+62+ﬂ4+_._+62(t—1)]
= (1= 5)2[11_7%2;}
1-8
1+8°

—~

<

In this case, by convention that wg = 1, we have

m ]__ 1 m 21_ 2m 1— 2(m—+1) 1
Zst< m+) and Zwtzl—i—ﬁ( B )— B

1+ 8 2. g - i-p “i-p GV

Now, to bound the quantity 7., defined by (28], we note that

t

|
—

0 m—1

ﬂg(tfi)qiz _ ZBQ(I z)q2 + 252(2 z)q2 + 262 (3—1) cee b Z 52(m—i)q12

1=0 =0 =0
= /8290 [5490 62(11} [56(]0 64(11 ﬁQQO]
+ [87mgg + B2 Vg + -+ B2, ]
=B[L+ 82+ B gf + B2 [1 4 B2+ B g
+ B21+ 8% g2 o+ B¢,
= 2 [(1= Bm)a + (1= P0G o (1= ) .

NE

o~
Il
o
.
Il
=}

Using this expression, we can write 7y, from (28)) as

2 2myr2, 2 201_p2(m—1)yr2 2
T n{M (1_Ln)]q3+n[ﬁ (g DLy —(1—Ln)]q%+-~-

B*(1-B*)L*n* 2 2 (82)
+ n[W -(1- Ln)}qm_l —n(1—Ln)gz,

To guarantee T, < 0, from 7 we need to choose
L2n2B2(1—32™
LB U8 —(1—-Ly) <0

2 2,201 p2(m—1)
Ll —(1-Ly) <0

PG o) <0

—(1—Ln) <0.

Clearly, since 1 — 2(m=) > 1 — 2 for i = 0,--- ,m — 1, if we define a2, := ﬂ(lligjm then
the condition holds if L?n?a2, — (1 — Ln) < 0. By tightening this condition, we obtain a

quadratic equation L?n?a2, — (1 — Ln) = 0 in 1, which leads to

n:= with a2, := M

L(y/1+4a2, +1) meT 1 -2

(34)
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we have n > 1 := 2V1-p . In that case, by using

. 2
Note that since oc?n < 16762’ L(/1-p2++/11362)

and , reduces to

E[f(@m1)]

1» m
< — 2> E[IVf(@)]?]

t=0 (35)
(1 ﬁZ(m«#l)

+ 2 E (oo — V(o) 7] + | SR ng

Note that E [|[vo — V f(z0)[|?] < %2 and E [f(zm+1)] > f*, we can further bound as

+(1—5)(m+1)]

1\ . o 1
2 L EIV/ ) <EL@] - £+ 55 e

Multiplying both sides of this inequality by
, we obtain

m

m, and then using the lower bound of 7 from

02

S E(IVAEI] < st B @] - 1] + % [ + (- B)]
t=0
1—B24+/1+382 36
S (mﬁ-l) ( \/1_[32 ) |:]E [f(‘rO)} - f*:| ( )
0'2 1 1

REE) [(l—ﬂ)b(m—i-l) +(1- 5)]

Let us choose §:=1 — \/WT for some 0 < ¢ < \/TH In this case, the last two terms

of the right-hand side of (36) become

1 1 1
u—mWHu+“m@+q)bm+n

With this choice of j, leads to

oy )2 L 1= p24/17357 o f
M ;E[va( W] < @i ( Vi ) {]E [f(z0)] f} -

+ (Cl * ) (1+l3)\/b(m+1

(a) Since f =1 — < 1and ¢; < /b(m+ 1), we have

\/b( +1)
1_52_1_(1_ c1 )2_ 2cq B c? _ 2c1y/b(m+1) — S c1
b(m + 1) Vo(m+1)  b(m+1) b(m +1) b(m + 1)

and \/1 - B2+ \/1 + 382 <1+ +/1+332<3. On the other hand, from , we have

>n= 2v1-p > 2ve ) (38)
T L1+ V14357 3L[b(m + 1))

This proves (a).
Let us define define f° := f(zg). Then, using 3 < 1 and into , we get

1 « 5 3LbM/4 0 1 o?
m+ 1 ;]E IV £(oll") < Jer(m + 1)3/4 -l <Cl " 01> b(m+1)

15



(b) Let us choose b := c20®/3(m +1)'/3 for some constant c; > 0. Then the last estimate becomes

1 i o2/3 l3Lcl/4

(m+ D2 | o

[fO— ]+ (cl + 011> j@] . (39)

To guarantee ﬁﬂ Z]E [IVf(z0)||?] <€, from we need to set

o?/3 3Lcl/4 0 1 1 9
—f* — | —=| <&
(m+1)23 | /e s (Cl i 01) Va| = °

3/2
/4
This leads tom +1 > % [SLCZ [f f*] (01 + é) L } . Therefore, we can choose m as

ver =
shown in .
Finally, if ¢; = 1, then the number of stochastic gradient evaluations is Tg. is

) 3/2
Tge =b+3m= c0®3(m +1)1/3 4 ?;% [3Lc§/4[f0 ff*] + \/2?2}

1/2 3/2
Z ] +3 [3Lc§/4[f0 -+ %}

) ]3/2

c20® [3LC§/4[fO _f*] +
=2 s [0 - ]+ ) 3 a0 - £+
—o(5+%).

which proves . O

2.3 The proof of Theorem [ 3.2} Single-loop with adaptive step-size
First, from Lemma [B:I] we have

Ef(zm1)] < E[f(z0)] - %Zmﬂi [V f ()]

L (40)
(Zﬁtwt> [lvo =V f(z0)|?] (Zm&) 3 Tm
where
= LQZW sz P [lvill*] = > (e — In )E [fleel®] (41)
=0 t=0

and wy, w; ¢, and s; are defined in Lemma
If we fix B; = B € (0,1), then we can show that w; = %, w;; = B>V, and s; =

(1-p)2 {11 552 } < ﬁ as in the proof of Theorem

16



Now, let u? := E [||v;]|?]. To bound the quantity 7, defined by (28), we note that

m 0
ZmZﬁz“‘“n;"U? =m Y BP0l + gy 252(2 D2

t=1 =0 1=0 1=0
2 m—1
s ) BTG g Y Bt
=0 =0

= BPmngug +n2 [B*ngud + B2niui]

+ n3[B5n3ud + Brniud + BPn3u3] +

+ N [ B2 ud + Bg(m‘l)n%iﬁ +oe B2 guZ, ]
= B2 [m + B0z + - + B2V Jud

+ B2 2 + BP0 + -+ + BH I Jud -

+ 8202y [77m—1 + 18277m]u3n—2 + B202, 1 mu, .

Using this expression, we can write 7, from as
Tm =10 [LQBQno [+ B%n2 + -+ + B2, ] — (1 Lm)}ﬂ%
+m [L%’Qm [112 + %13 + -+ B2, | — (1 - Lm)} +o
+ Nm-1 [L2B2nm—1nm - (1= an—l)]U?n_l = (L = L Juz,
To guarantee T, < 0, from the last expression of 7,,, we can impose the following condition:

L2B%n0 [m + B2n2 + -+ B2V, | — (1= Lng) =0
L2B%n1 (2 + B2z + -+ 2=y, | — (1 - Ly) =0

(42)
L26277m—177m - (1 - an—l) =0
7(1 - an) =0.
The condition leads to the following update of 7;:

1
L+ L2241 + Binpgo + -+ - + B2 =0, ]

1
Nm = —, and 7 = t=0,---,m—1,

L )
which is exactly .

2 2
2 c _ 2c c 2 _
Next, note that ¢ = (1 — m) =1- \/b(ml_H) + b(m1+1)' Therefore, 1 — p° =
2

\/b(27cnl+1) — b(nihrl) > \/b(fvlwrl)’ which implies /1 — 32 > ﬁ. Using 1 —w = +/1— 2>
C . C m 3/4 .
m into of Lemma we can show that >, > Ve lmt )77 as in the first statement

2Lb1/4
(a) of Theorem

Note that w; = ﬁzt, by the Chebyshev sum inequality, we have

& by
2t 14824+ 32m) < m _
Utilizing this estimate, E [[lvg — V f(z0)[]?] < UT and S; < (1152;’2 into (40)), and noting that
T < 0, we have
- Em02 (1-pB)o?
V J? S zg) — E Tm +
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Since E [f(zmy1)] > f*, using this into the last estimate, and multiplying the result by Ei, we
obtain

0.2

1 « 2 . 1
s, 2B V@I < 5 e = 11+ 55 gy * 4 9) - 09

Since {m—F(l—ﬁ)] = (Cl+i) m fOI‘ﬂ:l— \/ﬁ, leads to

IN

1 m 4Lb1/4 N 1 02
E*Z:; [V f(z)]?] W[ﬂxo)—f ]+<Cl+61> NCCESYE (44)

The second statement (b) of Theorem is proved similarly as in Theorem using , and
we omit the details. O

2.4 The proof of Theorem | 3.3 Double-loop with constant step-size
Similar to the proof of in Theorem we have

> e [I9se] < 2[e[reb] - ]+ 2DS

where we use the superscript s to indicate the stage s in Algorithm 2] Summing up this inequality
from s =1 to s = S, and then multiplying the result by m and using E {f(xff}rl)} > >

—00, we get

IN

S m
S(m+1 EZ: EZ:O {”vf 9) ” ] m [f(i'o) - f*] + \/ﬁ (46)

3Lb/4 202

< Sty /(@) = 1]+ 2.

7z from in the last inequality.

Here, we use the fact that n > -2
3L [b(m+1)]
2

If we choose b := ‘:16—‘2’2 and m—+1:
S m
then, from (46), to guarantee Stm Z [||V F@)| } , We require
3Lb1/4 P-4 207 3Lc}/4al/2 e3/2 P-4 2% _
S(m +1)3/4 bm—+1)  €l/? 502/403/2 o2\/cicy
3Lcl/4 0 N 2 9
A Sc3/4 (£ = 1] = (1_ Tcg)g
1/4 0 _ rx
& 5= /i Eiat il .
/ (1 - T@) €

Consequently, the total complexity is

o2 chl/4 I:fgff*]

ez 3/4 __ 2
(1 TQ)E

7_:]@ = (b + 3m)S (Cl =+ 362)

3L (clJrScQ)cl [foff*} o
3/4 (17

—0(5).

3
&
\/"1'42)

2

(Inax { 5, % }), where other constants

independent of ¢ and ¢ are hidden. O

Since we choose b := <2

18



C Appendix: The convergence analysis of the mini-batch

variants
In this supplementary document, we provide a full analysis of the mini-batch variants of Algo-
rithm [I] and Algorithm [2]

3.1 Variance bound of mini-batch hybrid estimators
For ©; defined by , we have the following property.

Lemma C.1. The mini-batch gradient estimator v; defined by satisfies
Es, 5,y 100 = VF@)|?] =B 1llo-1 = V(@) |? = pB7alIV f(we1) — V@)

+ pBEEe [IVf(z;€) — Vf(@e-1;€)?] (47)
+ (1= Bi-1)*po?,

where p = p(b) := (::15)5 if n = |Q)| is finite, and p(b) := %, otherwise.

Proof. Let 9, be defined by (16). Let z := % Yien, (Ve (@) = Ve, (w-1)), 2 1= Vf(xy) —
Vf(wi_1), Api= 0 — Vf(x1), and Aug == uy — Vf(z¢). Clearly, we have

Elz] =2 and E[Au]=0.
Moreover, we can rewrite 0; in as
Ap = Bi1A¢ 1+ Bz + (1= Beo1)Auy — B 2.
Therefore, using these two expressions, we can derive

E [1Ad2] = B2 1llAal? + B2 1K [[l2e]1%] + (1 = Be—1)?E [|Aue|?] + 57, 1|22
+ 2872 1 (Ar—1, E[z2]) + 280-1(1 — Be—1) (A1, E[Awy]) — 2871 (A¢—1, 2)
+ 26 1(1 = Bi-1)E [(z1, Aug)] — 267 (B [2], 2) — 2Bi-1(1 — B—1)(E [Auy], 2)

= B2 llAc1]? + BEE [[lze]*] + (1 = Be—1)’E [[|Aue|*] = 57,1121 )
48
For the finite-sum case, after a few elementary calculations, we can show that

(n—by)
(n—1)b:

E [ll2e?] = =10,

121> + E¢ [V fe(xt) = Vfe(we-1)IIP] -

For the expectation case, we have
1y,_ 1
E[|lz["] = (1 - ljt)IIZII2 + 4, e IV fe(we) = V fe(ae—1) %] -

In addition, under Assumption (c), we have E [[|Aw[|?] < po?.
Substituting one of the two last expressions and the bound of E [||Aw|?] into (48], we get
7). O
The following analysis is given under fixed mini-batch sizes when we choose by = b, = b.

Similar to Lemma we can bound the variance E [||6; — V f(x¢)|?] of the mini-batch hybrid
estimator 9; from (16]) in the following lemma.

Lemma C.2. Assume that f(-,-) is L-smooth and u; is an SGD estimator, 0 is given in , B
and By are mini-batches of the size b. Then, we have the following upper bound on the variance
E [[|or — V f(xe)|?]:

t—1

E [l6: = VI (x)I?] < wE [l[t0 = VF(@o)l*] + L*p Y wik [lzier — zil*] +pSi,  (49)
=0
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where the expectation is taking over all the randomness F; := o(vg,v1,- - ,0t), Wy := szl 51-2_1,
t . 1
Wiy = Hj:iﬂﬁ]z_l fori =0,---,t, and S; := Zf 0 (HJ z+2/8]2 1)(1 — Bi)%0 fort > 0.

p= 5(7;;b1) if 1] is finite and p = = otherwise.

1
b

Proof. From Lemma taking the expectation with respect to F; := o(vg, v1,- - ,vt), we have

E[llo: = V()] < BEAE [[00—1 — Vf@e—1)|]
+ LB E [[lae — - [?] + p(1 = Bi-1)?0.
Let af := E [||0; — Vf(z4)||?] and r} = E [[|241 — 2¢||*]. By following inductive step as in the
proof of Lemma [2.2] we obtain
B (e B aR D25 ) s D20
p[(BF1--B7) (1= Bo)> + -+ (1= Bi1)*] 0°.
Using the definition of wy, w;+, and S; in Lemma the previous inequality becomes

t—1
2 2 2 2
af Swag+ Lp Y wisr + pSh,
1=0

which is the same as . O

3.2 The proof of Corollary Single loop with constant step-size

and mini-batches
Using Lemma, and following the same path of proof of Lemma, we can show that

E[f(emir] < Elf(@o)] = Y 2E[I95@)I?) + (Z}Q [90 — V(o)1

- 1M:

m (50)
+ 2y S+ %Tm,
t=0
where "y
T == pL*n BZZWZ tE |'UZH WZ(l_Ln)E[H{’tHQ] :
t=0 i=0 t=0

Clearly, we can rewrite Ton as
~ B2(1 = B> LPnPp

201 p2(m—1)yr2, 2
+n[6 =5 z)L"’J—(l—Ln)}q%Jr

B2(1 = B*)L2n%p
1-p2
where g7 := E [||]|?]. To guarantee Ton < 0, we need to have

L2n?pB*(1 — p*™)

+ 1] — (1= In)|g -y —n(1 - Ln)g2.

L2n2pB2(1 — B2(m—1)

npﬁl(l_ﬂf’ )—(I—Ln) <0
I.2n2pB2(1 — B2

77/;6(;2 B)—(l—Ln) <0
—(1—Ln) <0
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Let o2, M Since a? < ad < --- < a2,, the last condition holds if L?n?pa?, —(1—Ln) <
0. By tlghtemng this condition, we obtam
2 P -l ¢ S ki)

with o,

L (14 VT+4paz,) I et o
24/1-52

L(V/1-B%+/1+52(4p—1))
Next, we can reuse the following estimates as in the proof of Theorem

which is exactly (L7). Since a2, < %, we have n > 1 :=

“ a2(1—-B)(m+1)
2S5 < 1+8
m _1_ﬁ2(m+1) 1

Combining these estimate into ( and notting that T <0and E [||v0 V f(zo)]| ] << , we
can show that .
(31)
]E[f(x’m-i-l)] S gZ]E |Vf Tt || ]
t=0 (51)
0_2
+ 5048 {(1 5 +P(L—B)(m+ 1)}

Note that E[f(zm+1)] > f* > —o0, can be rewritten as

1y R i 1
525 IV F(@)]12] [ﬂmﬂ*f*+%1+m[u_ﬁw+pﬂfﬂMn+D] (52)
If we choose §:=1— m for any 0 < ¢; < /b(m + 1) such that

1 1 0
u—meH>W“m‘(“*q> bm +1)°

then leads to

ff|meu]sUiUCAWVﬁfW”)@Uum—ﬁ]

=0 (53)
0_2
+ G‘*ﬁi)ﬁi@\/ﬁﬁiﬁ
Since 8 =1 —- —4— < 1 and if we choose b, B, and m such that pb(m + 1) > ¢2, we have

pb(m-+1)

2
1-8%2 =1—-(1—- ——-a— 2cy 4 2c14/pb(m+1)—c? - 20,
\/Pb(TH \/pb(erl pb(m+1) pb(m+1) \/pb(erl) 5

and \/1 - B2+ \/1 +52(4p—1) <14 /14 382 < 3 since p < 1. Therefore, we can bound 7 as

>pn> 2c1
n>n> :
= 3L[pb(m+1)]*

Therefore, the inequality can be rewritten as

m 1/4 2
w1 Y EIVA@)IP] < 5285 E(f(@o)l - 1)+ (o + ) o% [t
t=0

1/4
< B E1f @) - ) + (e + ) 5[




Let fO:=E[f(z0)]. We can write the bound as

e 3L(pb)/* . e
T BNV S G w0l < o (o) (a4 D) T St

Let us choose b := cy0%/3(p(m 4 1))'/3 for some ¢y > 0. Then, the last inequality leads to

1 1/352/3

C1/4
E[HVf(:ct)H } (m+1)2/3 >

i funt) ]

From (54)), to guarantee E [||V f(Z,,,)||?] < €2, we need to choose

p1/30.2/3 3L 1/4 . 1 1
(m—&—l)z/?’[ 2¢1 (fo_f)+(61+ >2\/> ¢,

m+1

which leads to

1/2 1/4 3/2
p/o | 3Lcy 0 e 1 1

> - .
mt1> = [ e (fO=rf)+ o+ NG

Hence, we can choose m as in .
Finally, let ¢c; = 1. Then the number of stochastic gradient evaluations Ty is

3/2
1
=

Tpe =b+3bm < b+ 2t

201

oL/4
< a0 [pm + ]+ e |25 (0 - 1)+

1/2 3/2
1/253 | 3Lc5/4 3/2 o | 3Lci/*
< et 3 (o ) 4 ] +ﬁw[2g<ﬂ—ﬂwn%],
which proves , where p < % if || is infinite and p := b( = 1f || is finite. In particular, if
|| is infinite and we choose p := 0232 < oe, then
9/4 1/2 9 1/4 3/2
_ cs0? 3Lc, 0 . 3/2 30° | 3Lc, 0 " 1
ne= 90 1B o pyea| 425 [ e
Hence, we obtain 74, = O ((03 + cg) 52) O

3.3 The mini-batch variant of Algorithm [2| and its complexity
Let us consider a mini-batch variant of Algorithm [2] Similar to Theorem [3.3] we can prove the
following result.

Corollary C.1. Let {xis)}i&j;i be the sequence generated by the mini-batch variant of Algo-
rithm@ using constant step-size 1 defined in with ¢1 := 1. Then, the following estimate
holds

S B[V H}<w[ﬂf°>—f*}+w. (55)

m+1 ) S ~ S(m41)3 b(m +1)
Let T ~ U({xts) $2035)- If we choose b := <5 ® and m“ = 2:;‘672 for some constants ¢c; > 0
and ca > 0 and cico > 4, then, to guarantee E [ IVf(@r)]| ] < €2, we require

3Ley/* [f(°) — f*]
3/4b3/20 ( Clc2>

S = (56)
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Consequently, the total number of stochastic gradient evaluations Tye does not exceed

(57)

3L(c1 +3ea)e*[f(@) — f]o _ N (1)
).

03/453/2 (1 _ C2162) &3

Toe = (b +312]) S =

Proof. First, similar to the proof of (54)), we have
1/4
(s)y 2] < 3L(pb) (1] _ (s) 2 p
" § B IVIGIP] < e (B @] —E[@i]) + 20 [l

Summing up this inequality from s =1 to s = S and then using E [f(xﬁfil)} > f*and g := x(()l),

we can show that

S m
N 3L(pb)'/* U p
m+15;;E{HVf ||} W(E[f(mo}*f)JFQU2 Wm 1)

2
If we choose b := % and mTH = "2” for some constants ¢; > 0 and co > 0 and cicy > 4, then,

p(m+1)= 625(272’ b= clgzgg, and from ([46)), to guarantee m ZZE [HVf(x,(fs))HQ} <e?

s=1t=0
we require
BLEY o gy 200D _BLel e PSR g e,
S(m + 1)3/4 bm+1) /2 Sc3/ 13/ o?\Jeres

3Lc 1/4 3/2 )
LA (1 2 Y
Sc C1C2
B 3Lp3/20?/4[f0 . f*]
03/40 (1 - .

2
v/ C1C2 ) €
Consequently, the total complexity is

01/4 3/2 [ £0_ px
Tye (b+3m)S<(cl+302)U23L3/4(1_[’;3]

C2 Jerez )€

3L(c1+3c )01/4 fo—r*lo
S =0 (@),

2

Since we choose bb? := cl" which shows that b < cl" , the final complexity is O (max {g%,, ‘;—2}),
where other constants 1ndependent of o and ¢ are hldden. O

D Appendix: Additional numerical experiments
In this subsection, we provide more numerical examples on two examples we tested in the main
text.

4.1 Experiment setup
Our algorithms: We implement the following variants of Algorithm [I] and Algorithm 2 in
Python:

e Single-loop algorithms: We consider different variants of the single-loop algorithm,
Algorithm [I We denote them by Hybrid-SGD-SL for constant step-size variants, and
Hybrid-SGD-ASL for adaptive step-size variants.
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e Double-loop algorithms: These are variants of Algorithm We denote them by
Hybrid-SGD-DL[1-3] the variants corresponding to different snapshot gradient batch-sizes
of b =n23,b=0.1n, and b = n. We also denote Hybrid-SGD-DL as the best variants
among these three choices of the batch-size for snapshot gradient.

Competitors: We also compare our methods with the most state-of-the-art candidates from
the literature. We ignore other variants since their complexity bound is worse than ours and
they use complicated routines for hyper-parameter selection.

e Stochastic gradient descent (SGD): We test two variants of SGD. The first one, called
SGD1, is with constant step-size 7; := %. The second variant, called SGD2, is with an
adaptive step-size of the form n; := 14—717%’ where 19 > 0 and 1’ > 0 are carefully tuned

to obtain the best performance. In our tests, we use 79 := % and ' := 1.

e SVRG: This algorithmic variant is from [23], where its theoretical step-size in the single

sample case is 1, := MLL, and in the mini-batch case is n; := 5.
e SVRG+: This is a variant of SVRG studied in [I1]. Its theoretical step-size in the single

sample case is 1, := 67%’ and in the mini-batch case is n; := g7

e SPIDER: SPIDER [§] is a stochastic gradient method using SARAH estimator (also called
Stochastic Path-Integrated Differential EstimatoR). This method achieves the best-known
complexity as Algorithm [2[ but uses very different step-size 7, := min {m, ﬁ}
where ng = Lb/z with b is a given mini-batch size in the range [1, /n].

e SpiderBoost: SpiderBoost [27] is a modification of SPIDER by using a large constant
step-size n; = i, but requires to set very specific mini-batch b = |/n] to achieve the

best-known complexity as in Algorithm [2]

Problems: We consider three examples: The first one is the logistic regression with non-convex

regularizer as in . The second example is a binary classification with non-convex loss as in

1)

Datasets: All the datasets used in this paper are downloaded from LibSVM [6] at
https://www.csie.ntu.edu.tw/ cjlin/libsvin/. We select 6 datasets: w8a (n = 49,749, p = 300),
rcvl.binary (n = 20,242,p = 47,236), real-sim (n = 72,309,p = 20,958), news20.binary
(n = 19,996,p = 1,355,191), url_combined (n = 2,396,130,p = 3,231,961), and epsilon
(n = 400, 000, p = 2,000).

4.2 Logistic regression with non-convex regularizer
In this section, we add more numerical examples to solve problem . Together with the
convergence of the trainning loss and gradient norms in Fig. [T} the training and test accuracies
are also plotted in Fig. [d] for three datasets: w8a, rcvl.binary, and real-sim.

As we can observe from Fig. [4] for w8a, all the algorithms except for SVRG achieve similar
training accuracy as well as test accuracy. SVRG eventually reaches the same accuracy after
around 17 epochs. For rcvl.binary, HybridSGD variants, SGD2, and SVRG+ have similar
training and test accuracies, but SGD2 is more oscillated than the other methods. SGD1 performs
worse than our methods in this case. Both SPIDER and SVRG still perform poorly. For real-sim,
although our methods, SGD1, and SGD2 achieve lower training accuracy, they are able to reach
better test accuracy than SVRG+.

In addition, the training and testing accuracies of the mini-batch case are presented in Fig.
where the relative residual of the train loss and the gradient norms are shown in Fig. 2] Again,
our methods achieve training and test accuracies consistently with SGD2 in w8a and real-sim,
while having better accuracy in rcvl.binary.

We also run SVRG, SVRG+, SpiderBoost, and our double-loop variant (Algorithm [2)) on
three datasets: w8a, rcvl.binary, and real-sim. The results are plotted in Fig. [6]

In this experiment, our double-loop variant and SpiderBoost outperform SVRG and SVRG+.
Although the step-size of SVRG+ is n = 6% which is smaller than :,%L in SVRG, SVRG+ still
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performs better than SVRG. SpiderBoost uses a large step-size n = 21L and it indeed performs

slightly better than ours in the w8a dataset, but is comparable in other two. Note that our
step-size 7 is selected based on our theory in Theorem [3.3]

Finally, we conduct experiment on three larger datasets: epsilon, url_combined, and
news20.binary. Since the the sample sizes are large, we only run mini-batch variants. The
results of the single-loop variants are shown in Fig. [7]
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Figure 7: The results of 3 single-loop algorithms for solving on large datasets: Mini-batch
case.

We can observe from Fig. [7] that our single loop variants outperform SGD in all three datasets.
Note that the performance of the adaptive step-size variant is similar to its fixed step-size one.
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The results of the double-loop variants are also shown in Fig.
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Figure 8: The results of 4 double-loop algorithms for solving on large datsets: Mini-batch
case.

Clearly, our double-loop variants achieve better performance than SVRG and SVRG+ due to
better convergence rate. SpiderBoost is slightly better than ours in the dataset epsilon while
they are comparable in the last two datasets since we have the same best-known convergence
rate as SpiderBoost.
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4.3 Binary classification involving non-convex loss and Tikhonov’s

regularizer
We also conduct additional experiments to test our algorithms for solving . We use two
different non-convex loss functions as in [29] apart from the one used in the main text, which are:

2
e Nonconvez loss in two-layer neural networks: £1(7,s) = (1 — m) .

e Logistic difference loss: £a(T,s) = log(1 + exp(7s)) — log(1 + exp(—7s — 1)).

These functions are smooth and satisfy Assumption [1.1]

Let us first test our algorithms and other methods on three datasets: w8a, rcvl.binary, and
real-sim using single-sample setting. The results are plotted in Fig. [J] and Fig. In this
test, HybridSGD-DL achieves the best performance followed by HybridSGD-SL and HybridSGD-
ASL. SPIDER has decent performance in the last two datasets. SGD variants also have good
performance in all datasets while SGD2 is better than its fixed step-size variant. SVRG+ also
has comparable performance with SGD2 whereas SVRG cannot achieve fast convergence due to
its small step-size.

Next, we test mini-batch variants. On the one hand, we compare our single-loop variants
HybridSGD-SL and HybridSGD-ASL with SGD. On the other hand, we compare our double-loop
variants with SVRG, SVRG+, and SpiderBoost. The results for solving with loss ¢; are
shown in Fig. [IT] and Fig. [12] whereas Fig. [13] and Fig. [14] present the results when using loss £.

Additionally, we repeat the experiments on three larger datasets: epsilon, news20.binary,
and ulr_combined. The results are shown in Fig. and
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Figure 9: The training loss and gradient norms of with loss /1: Single-sample.
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Figure 10: The training loss and gradient norms of with loss f5: Single-sample.
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Figure 11: The training loss and gradient norms of (21| with loss ¢;: Mini-batch.
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Figure 12: The training loss and gradient norms of . with loss ¢1: Mini-batch.
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Figure 13: The training loss and gradient norms of
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Figure 14: The training loss and gradient norms of . with loss f5: Mini-batch.
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Figure 15: The training loss and gradient norms of with loss ¢1: Mini-batch.
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Figure 16: The training loss and gradient norms of with loss ¢1: Mini-batch.

In this experiment, although SGD2 has faster decrease during the first few epochs, our
HybridSGD-SL and HybridSGD-ASL eventually achieve lower training loss and gradient norm in
all datasets while reaching similar training and testing accuracies as SGD2.

Regarding the double-loop variants, our HybridSGD-DL once again has better performance
than SVRG and SVRG-+ while having comparable performance with SpiderBoost in terms of
training loss, gradient norm, and accuracies.
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Figure 17: The training loss and gradient norms of
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Figure 18: The training loss and gradient norms of . with loss f5: Mini-batch.
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