Inexact SARAH for Solving Stochastic Optimization Problems
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The Problem and Assumptions

The Problem:

min, { F(w) = E[f(w; )]

— £ is a random variable obeying some distribution

Assumptions:

« f(w; &) is L-smooth for every realization of & 3L > 0 such that:
|V f(w;§) — Vf(w/3 §)|| < Lijw — wluv Vw, w' € R
- F: RY = R is a p-strongly convex, i.e., 3u > 0 such that:
F(w) > F(w') + (VF(W'), (w — w") + &||lw — w'|]*, Yw,w" € R
= f(w; &) is convex for every realization of &

LV f(wy; &)

= V F(wy)

« We can compute unbiased gradient

Finite-sum Problem:

min {F(w)

weR

= %;n:lfz(w)}

Existing Complexity Results for Finite-sum

Complexity (Strongly convex) for finite-sum (k = L/u)
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Inexact SARAH Algorithm (iSARAH)

Inexact SARAH (iSARAH):

Parameters: the learning rate n > 0 and the inner loop size m,
the sample set size b.
Initialize: w,.

Iterate:
for s=1,2,...,7.do

vs = iISARAH-IN(ws_1,n,m, b).
end for

Output: wr.

Method Complexity Fixed LR Low Storage
GD O (n/-i log (1/¢€)) v/ v
SGD |6, 1] O (k/¢€) X v
SVRG [3 O((n+k)log(1/e)) v/ v
SAG/SAGA [8, 2] O ((n+ k) log (1/¢€)) v X
SARAH [7] O ((n+ k)log(1/e)) v v

SARAH vs. SVRG

« Both methods require restarting. Computing a full gradient for

every outer loop vy = V F'(wy)

« The difference is the stochastic gradient update
- SVRG: Uy = szt(wt) szt(UJ()) + Vg
SARAH Uy = szt(wt) sz't(’wt_l) (]

One outer loop behavior of SVRG and SARAH:

A Simple Example with SVRG

A Simple Example with SARAH
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iSARAH-IN(wg, n, m, b):
Input: wy(= w,s_1) the learning rate n > 0, the inner loop size m,
the sample set size b.
Generate random Vamables (GY) | iid.
Compute vy = 7 X2, V f(wy; §).
uu_::ux)—-nvo.
Iterate:
fort=1,....m—1, do
Generate a random variable &
v =V fw; &) — Vf(wi—; &) + v
Wiyl = W — NVt
end for
Set w = w; with ¢ chosen uniformly at random from {0,1, ..., m}

Output: w

Theoretical Results (Strongly Convex)

Theorem: Suppose that F'is p-strongly convex and f(w;¢&) is L-
smooth and convex for every realization of £&. Consider iSARAH with
the choice of n, m, and b such that

1 nL Ik — 2 1
Q= | | :
pn(m+1)  2—nL b2 —nL)

(Note that kK = L/u.) Then, we have

||V ()] — A < & (|[VF(wo)|” — A), (1)
where

A = ° and 0 = ! 5|V f (wa; €))7
1 —a b(2 —nL) B |

Corollary: Let n = C’)(%), m = O(k), b = O (max {%, k}) and
s =0 (1og (%)) in Theorem above. Then, the total work complexity
to achieve E| (w,)||7] < €is O ((max{%, k}+ k) log (1))

4||I

Complexity Comparisons

Strongly convex: (k = L/u)

Method Bound Problem type
SARAH O ((n+r)log (;)) Finite-sum
SVRG O ((n+ k) log (%)) Finite-sum
SCSG O ((min o n} ) log ( )) Finite-sum
SCHG O ((f + /i) log (%)) Expectation
SGD (’:) Expectation
iSARAH O ((max{ } + li) log ( )) Expectation

(General convex:

Method Bound Problem type
SCoG @, (1) Expectation
SGD ( ) Expectation
iSARAH (one loop) (6—) Expectation
iSARAH (multiple loop) O ( 0g (%)) Expectation
Nonconvex:
Method Bound Problem type
SCoG O (65—1/3) Expectation
S>GD @, (6—12) Expectation
iSARAH (one loop) O (é) Fxpectation
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